We study finite element methods for the wave equation in a rectangular domain with a second-order absorbing boundary condition imposed on the boundary. For this problem there seems to be no known finite element method, although many finite difference methods have been proposed. A thirdorder energy, however, will be introduced which will be utilized to reduce our original second-order problem to a first-order symmetric dissipative hyperbolic system. Then, for this first-order system a weak formulation will be given and continuous-time and discrete-time Galerkin procedures will be investigated. Error estimates will also be given.
Introduction
We shall study the problem The boundary condition (1.1 .ii) is a form of a second-order absorbing boundary condition suggested by Higdon [8] and Keys [10] independently. A general form of the /Vth-order condition is given by =i u = 0 on T x J, where \6j\ < n/2, j -I, ... , N. In the above boundary condition each factor perfectly annihilates wave components arriving at Y with incident angle 6j. If the solution of ( 1.1 ) is smooth enough, an application of equation (1.1 .i) shows that the boundary condition (1.1 .ii) is equivalent to (1.2.i) utt -utx -\uyy = 0 onYxx], (1.2.Ü) un + utx -\uyy = 0 on Tf x J, (1.2. iii) utt -uty -\uxx = 0 on Yq x J, (1.2.iv) utt + uty -\uxx = 0 onY\xJ, which is given by Engquist and Majda [5] , and earlier proposed by Claerbout [2] . Indeed, Engquist and Majda [6] and Bamberger, Joly, and Roberts [1] suggested modified forms of (1.2) to take into account corner instability. However, in this paper we shall use the boundary condition (1.2) or (l.l.ii) for simplicity. Although many finite difference schemes have been proposed for the secondorder absorbing boundary condition (see, for example, [3, 4, 5, 6, 8, 9, 10] ), no finite element approach seems to be known. The main difficulty comes from the order of the boundary condition for which it is not easy to derive a weak formulation which provides a consistent energy estimate with a suitable choice of a test function in the weak formulation. Recently, HaDuong and Joly introduced higher-order energies [7] , which will turn out to be useful to initiate the study of a finite element approach to problem (1.1). HaDuong and Joly actually used a second-order energy for problem ( 1.1 ) in a half-plane to show stability of the problem. However, we shall see that if the domain is rectangular, the corresponding energy should be of third-order. Using this thirdorder energy, we are able to reduce problem (1.1) to a first-order symmetric dissipative hyperbolic system, for which finite element methods can be applied without difficulty.
The plan of this paper is as follows. We shall introduce a third-order energy associated with the system (1.1) in the next section. In §3 we shall derive a firstorder symmetric dissipative hyperbolic system from (1.1) using the third-order energy defined in §2; the first-order hyperbolic system will be analyzed and a weak formulation will be given. In the following § §4 and 5, continuous-time and discontinuous-time Galerkin procedures will be studied for the first-order hyperbolic system. Error estimates will be obtained for these schemes.
Higher-order energy
In this section we shall use the original idea of second-order energy introduced by HaDuong and Joly [7] to define a third-order energy associated with our problem (1.1). See also [14] .
To begin, first observe that we can differentiate the equations (l.l.ii) on Tq U Yx with respect to the t-and y-variables to get Throughout this work, (•, •) denotes the L2-inner product over L2(Si) and (•, -)r the L2-inner product over the trace functions in Hx(Si) on Y. The corresponding norms will be denoted by || • || and | • |r, respectively. Also, for a nonnegative integer k, Hk(Si) and \\-\\k will be used to designate the standard Sobolev space and its norm. In order to derive an energy identity, we recall that in the half-plane case HaDuong and Joly essentially added the L2-inner product of the i-derivatives of S?u and ut to the L2-inner product of the x-derivatives of S?u and ut. The x-direction in this case was the normal direction to the artificial boundary of the half-plane. Therefore, in the rectangular domain case we consider the following L2-inner product: With the aid of (1.1.i), we can replace terms in (2.4) and (2.6) which contain more than two i-derivatives as follows: 
We thus have
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Theorem 2.1. Let u satisfy the equations (1.1 .i) and (l.l.ii) with sufficient regularity. Then the energy identity (2.5) holds for all 0 < s < t, and the energy Eq(u; t) dissipates in time:
(2.9) Eçl(u;t)<EÇl(u;s), 0<s<t.
The boundary energy Er(u; t) corresponds to the absorption of energy through the boundary Y.
First-order system
In this section the energy Ec¡(u ; t) of the form (2.7) will be used to give a first-order system related to problem (1.1) and then the first-order system will be analyzed. In the following we shall show that the solution of (3.4), (3.5), and (3.6) is unique, which will imply that the problem (1.1) is equivalent to problems (3.4-3.9) if the data are sufficiently regular.
Introduce a variable v(x, y, t) e R7 and write v = (vi,v2,v3, v4,v5, v6, vn)T.
We are now interested in the hyperbolic system We shall show that the system (3.10.Í) and (3.10.Ü) forms a dissipative system. For this, we define an energy Eq(v_; t) associated with the system (3.10.Í) and (3.10.Ü) for each time t : (3.11) Ea(v;t) = ±(Av(-,-,t),v(-,-,t)).
Then we have, for every v satisfying It can be shown by a similar transformation as in [14] that the boundary condition (3.10.Ü) leads to a well-posed condition so that the symmetric hyperbolic problem (3.10) is strongly well posed. This also provides the existence of a solution to (3.16 ).
The continuous-time Galerkin procedure
We shall study the continuous-time Galerkin procedure for the resulting firstorder system derived in the last section. For this, a more convenient first-order system will be derived.
By the change of variable z = Ax/2v, problem (3.10) can be equivalently given as For the theory of well-posedness in the uniformly characteristic case, see [12, 13] . Such problems arise also in many physical phenomena, for instance, Maxwell's equations. The following proposition is an easy consequence of dissipativity. 
where the atj(t) are differentiable functions of t. By choosing w_ = ¡J_j, j = 1,..., Nf,, in (4.6), an ordinary differential system for the otj(t) is obtained. The initial approximation t/(0) can be found, since the matrix (U¡, U_j)fhj=x is invertible (positive-definite). Also, ||Ç/(0)|| is bounded by ||4>i || ; indeed, from (4.6.Ü) it follows that \\LL(0)\\2 = (U(0),U(0)) = (*i, U(0)) < Pill ||ii(0)||.
The stability of the procedure (4.6) follows from Proposition 4.1, by replacing z by U in (4.4) . An error estimate similar to that of Layton [11] can be derived as follows. The estimate (4.7) then follows by the combination of (4.9) and (4.10). This completes the proof. D
The discrete-time Galerkin procedure
In this section we shall define the discrete-time Galerkin procedure and derive stability and suboptimal error estimates. Also, the existence of the solution will be proved. The scheme is stable independent of the choice of time step. This differs from the case of semibounded operators treated in [11, 15] .
Let us introduce the following notations: If Uj• » 7: = 1> ■ ■ ■ , Nh, forms a basis for Wh as before, (Un)o<"<L can be expressed in the form U" = Y,xh <xn¡lLj f°r some a" . The above scheme is called the Crank-Nicolson-Galerkin scheme, and it is unconditionally stable. Indeed, from (5.1.Í) we have that, if (U")o<n<L is the solution of (5.1), then (5.2) \Un\\<\\Uc for n > 1. As an immediate consequence of (5.2), the existence and uniqueness of the solution of the scheme (5.1) is established: Proof. We know that a<j can be found by the argument immediately following the definition of the scheme (4.6). The uniqueness of the a"+x for n > 0 follows at once from (5.2). Since the algebraic equations are linear, uniqueness implies the existence of the a"+x. O Note that our problem has a solution independent of the choice of the time stepsize Ai, while this is not generally true for the semibounded case [11 , 15] . For the convergence of the scheme (5.1), we have the following theorem. Since IIt/° -nz°|| < \\u° -z°n + ||z° -nz°n < \\u° -z°|| + hr+x\\z°\\r+x, using the estimate (4.10), we arrive at (5.3). D
Conclusions
A finite element approach has been established in order to treat second-order absorbing boundary conditions for wave propagations in a rectangular domain. This is based on the concept of a third-order energy, which generalizes that of the second-order energy of HaDuong and Joly. Once a good energy is obtained for a given problem, a decent first-order system can be obtained, for which standard Galerkin methods are applicable.
